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Abstract
We construct three different spectra, and hence three generalized cohomology theories, associated
to an algebraic variety X: the morphic spectrum ZX—an E∞-ring spectrum—related to intersection
theory when X is smooth; the multiplicative morphic spectrum MX and the holomorphic K-theory
spectrum KX . The constructions use holomorphic maps from X into appropriate moduli spaces, and
are functorial on X. The coefficients for the corresponding cohomology theories reflect algebraic
geometric and topological invariants for the variety X. In the morphic case, the coefficients are
given in terms of Friedlander–Lawson’s morphic cohomology for varieties (Friedlander and Lawson,
1992). The theory carries total Chern class maps and total cycle maps, extending to the stable
category classical constructions in algebraic geometry. Ó 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction
In this paper we provide a concise presentation, examples and properties, of a functorial
construction of three different spectra associated to a complex projective variety X. These
objects were incidentally introduced in [17], and needed a direct and detailed treatment.
The notions of homotopy theory that we use here, can be found in any standard
treatment of generalized cohomology theories. The construction techniques, on the other
hand, are based on the elegant infinite loop space machinery found in [21,18,3]. To avoid
technicalities, we always work in the category of compactly generated, weakly Hausdorff
topological spaces.
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In order to reach a compromise between the various approaches in the literature, we still
adopt the following “coordinatized” version of spectra. A spectrum E is a collection of
based spaces {E(n) | n ∈N} together with a compatible family of homeomorphisms
σn :E(n)→ΩE(n+ 1), for all n> 0.
Notice that the structural maps are homeomorphisms, as opposed to the homotopy
equivalences in the old notion of Ω-spectrum. We refer the reader to [18] for technical
details on the stable homotopy category. Recall that a spectrum E determines a generalized
cohomology theory, which we denote by E∗. As a consequence, our constructions provide
generalized cohomology theories which depend on the algebraic geometric properties of
the varieties X.
We assume a minimum knowledge of algebraic geometry from the reader, and try
to be as self-contained as possible in this area. For this reason we restrict ourselves to
complex projective varieties, and use interchangeably the terms holomorphic and algebraic
when referring to maps between such varieties. All the necessary algebraic geometric
background is briefly reviewed in Section 2, where we introduce the basic moduli spaces
of algebraic cycles, and the mapping spaces associated to them, which are the central tool
in our constructions. We refer the reader to [15] for details and further references.
In Section 3 we show how to associate three distinct spectra to a projective variety X:
the morphic spectrum ZX , the multiplicative morphic spectrum MX and the holomorphic
K-theory 3 spectrum KX . All three construction are contravariantly functorial from the
category of complex projective varieties to the category of spectra. Among their various
properties are the following:
(1) In Theorems 3.2 and 3.8 we show that ZX is an E∞-ring spectrum, which satisfies
pik(ZX)∼=
∏
s
LsH 2s−k(X),
where LsH 2s−k(X) denotes the morphic cohomology of the variety X. These are
invariants for X, introduced and studied in [7], which have a hybrid algebraic
geometric and topological nature.
(2) IfX is a smooth variety, then pi0(ZX)∼=A∗(X) as a ring, whereA∗(X) is the graded
Chow ring of cycles modulo algebraic equivalence; cf. [10].
(3) The spectrum MX is essentially obtained via the action of an E∞-operad on
the “units” of ZX(0). In particular, for X smooth, the group pi0(MX(0)) consists
of the units 1 × ∏j>1Aj (X) under the intersection product. This is shown in
Theorem 3.10.
(4) In Proposition 4.1 we provide a total Chern class map cX :KX→MX , which in the
case X = {pt} coincides with the delooping c :bu→M of the total Chern class in
topologicalK-theory provided in [2].
(5) There are natural cycle maps EX→ F(X,E{pt}), where E− denotes any of Z−,M−
or K−. These functorial maps of spectra are a stable version of classical cycle maps
3 This terminology was coined by R. Cohen.
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in algebraic geometry [10] and in morphic cohomology [7]. This is presented in
Proposition 4.4.
(6) We compute some examples where the cycle map
ρX :ZX→ F
(
X,Z{pt}
)
is an equivalence of spectra.
The paper concludes with some questions and remarks which should foster further
research. The constructions presented here can be either viewed as a source of invariants
for the algebraic varietiesX themselves, or as a source of new examples in stable homotopy
theory. We leave to the reader the choice of perspective.
2. Moduli spaces of algebraic cycles
In this section we introduce the basic algebraic geometric objects which will be used
throughout the paper. We start with the necessary moduli spaces, their properties and
functoriality, and then we present the various mapping spaces which are the basic tools
in the construction of our spectra.
Given a Hermitian vector space V , let P(V ) be the projective space of complex lines
through the origin in V. Throughout the paper we denote the dimension of vector spaces
V , W by their corresponding lower case letters v, w. If i :V ↪→ W is a linear isometric
embedding, we use the same notation i :P(V ) ↪→ P(W) to denote the induced inclusion of
P(V ) as a projective linear subspace of P(W). Also, in this situation we use the symbol
W − V to denote the orthogonal complement of i(V ) in W . In particular, P(W) has two
disjoint projective linear subspaces associated to V , namely, P(V ) and P(W − V ).
In this paper, an algebraic variety Y will be a (reduced) complex analytic subset of some
complex projective space P(V ). In other words, Y will be a reduced complex projective
scheme, not necessarily irreducible; see [11]. The space of algebraic (= holomorphic)
morphisms Mor(X,Y ) between two algebraic varieties X and Y is given the compact-
open topology induced by the classical topology on X and Y ; see [7] for details.
2.1. Algebraic cycles and Chow varieties
Given a non-negative integer 0 6 q 6 v − 1, the Chow monoid Cq(P(V )), of effective
algebraic cycles of codimension q on P(V ), is the free Abelian monoid generated by the
irreducible subvarieties in P(V ) of codimension q . It is well known that Cq(P(V )) can be
written as a countable disjoint union
Cq(P(V ))=∐
d>0
Cqd
(
P(V )
)
, (1)
where each Cqd (P(V )) is a projective algebraic variety, the Chow variety of effective cycles
of codimension q and degree d in P(V ). Various different properties and applications of
Chow varieties can be found in [12,9,8]. For a recent survey and extensive bibliography on
the subject, we refer the reader to [15].
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Remark 2.1. Given a projective algebraic variety Y of codimension k in P(V ), one can
also define the Chow monoid Cq(Y ) of Y , as the closed submonoid of Cq+k(P(V ))
generated by the subvarieties contained in Y. The Chow varieties which constitute the
connected components of Cq(Y ) are moduli spaces of effective algebraic cycles on Y . In
the language of schemes, they can be thought of as particle spaces consisting of unordered
configurations of points of codimension q in Y. For the reader with a more differential-
geometric inclination, one can alternatively define Cq(Y ) as the positive holomorphic
cycles topologized as a subspace of the integral currents of (real) codimension 2q in Y ,
with the flat-norm topology. See [14] for details.
In order to avoid unnecessary technicalities with morphisms, we assume that the Chow
varieties are weakly normal, as in Kollár [13]. This does not alter their topology, but
transforms the Chow monoid into a functor from the category of projective varieties and
algebraic morphisms to itself.
Example 2.2. The three most basic examples of Chow varieties are:
(a) The Chow variety Cv−1d (P(V )), of cycles of codimension v − 1 and degree d in
P(V ), is the d-fold symmetric product SPd (P(V )). These are also called zero-cycles
of degree d in Y .
(b) The Chow variety Cq1 (P(V )), of cycles of codimension d and degree 1 in P(V ), is
the Grassmannian Grq(V ) of linear subspaces of codimension q in V .
(c) The Chow variety C1d(P(V )), of cycles of codimension 1 and degree d in P(V ), is
the linear system P(H 0(P(V ),O(d)))= P(Symd V ∗) of effective divisors of degree
d in P(V ).
There are two algebraic operations that one can perform on Chow varieties. The first one
is the addition of cycles:
+ :Cqd
(
P(V )
)× Cq
d ′
(
P(V )
)→ Cq
d+d ′
(
P(V )
)
,
(σ, σ ′) 7→ σ + σ ′. (2)
This is a morphism of algebraic varieties simply defined by the formal addition of cycles in
the Chow monoid Cq(P(V )). The second one is an exterior multiplication, called the ruled
join (or complex join) of cycles:
]C :Cqd
(
P(V )
)× Cq ′
d ′
(
P(W)
)→ Cq+q ′
dd ′
(
P(V ⊕W)),
(σ, σ ′) 7→ σ]Cσ ′, (3)
which is essentially described as follows. First consider P(V ) and P(W) as naturally
embedded into P(V ⊕W) as the disjoint linear subspaces P(V ⊕ {0}) and P({0} ⊕W).
Then, let Z ⊂ P(V )⊂ P(V ⊕W) and Z′ ⊂ P(W)⊂ P(V ⊕W) be irreducible subvarieties
of codimensions q , q ′, and degrees d , d ′, respectively. The join Z]CZ′ is the irreducible
subvariety of P(V ⊕W), of degree dd ′ and codimension q + q ′, consisting of the union
of all projective lines joining points of Z to points of Z′. One then extends this operation
linearly to arbitrary cycles.
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Remark 2.3.
(a) The ruled join is a well-known synthetic construction in projective geometry. It was
used by the classical Italian school of algebraic geometry in their early approaches
to intersection theory in projective varieties; see [10]. It was shown, independently,
in [1,23], that the ruled join (3) is an algebraic map. This is a crucial feature for our
later constructions.
(b) For cycles of degree 1, the join operation ]C is precisely the direct sum
⊕C : Grv(V )×Grw(W)→Grv+w(V ⊕W)
of linear subspaces.
2.2. Holomorphic mapping spaces
We now introduce the desired morphism spaces associated to a complex projective
variety X, which will constitute the fundamental building blocks of the paper.
Definition 2.4. Given a Hermitian v-dimensional vector space V , we denote byMor(X,
Cvd (P(V ⊕ V ))) the space of holomorphic maps from X to Cvd (P(V ⊕ V )). Define
CX(V ) :=Mor
(
X,Cv(P(V ⊕ V )))=Mor(X,∐
d>0
Cvd
(
P(V ⊕ V ))),
and observe that it follows from (2) that CX(V ) is an Abelian topological monoid under
pointwise addition. Similarly, define
GrX(V ) :=Mor
(
X,Cv1
(
P(V ⊕ V )))=Mor(X,Grv (V ⊕ V )).
The monoid CX(V ) has two natural base points: the additive identity 0V , which is the
constant morphism sending every element of X to 0 ∈ CX(V ), and the “multiplicative
identity” 1V , which is the constant morphism sending x ∈X to the cycle
P
(
V ⊕ {0}) ∈ Cv1 (P(V ⊕ V ))=Grv(V ⊕ V )⊂ CX(V ).
The inclusion of Grv(V ⊕ V ) as a connected component of Cv(P(V ⊕ V )), cf.
Example 2.2, induces a natural inclusion
ıX,V : GrX(V )→ CX(V ), (4)
which preserves the base point 1V .
Remark 2.5. In this definition, an element f ∈Mor(X,Cq(P(V ⊕ V ))) consists of a
map f :X→ Cq(P(V ⊕ V )) whose restriction to a connected component Xα of X is an
algebraic map
fα :Xα→ Cqd
(
P(V ⊕ V )), for some d > 0.
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In other words, if X is written as a disjoint union∐rα=1Xα of connected components, then
Mor(X,Cq(P(V ⊕ V ))) is the Abelian topological monoid
Mor(X,Cq(P(V ⊕ V )))= k∏
α=1
{∐
d>0
Mor(Xα,Cqd (P(V ⊕ V )))}. (5)
Given an Abelian topological monoid M (or a strictly associative and homotopy
commutative H -space), we denote by M+ its homotopy theoretic group completion. This
space is homotopy equivalent to ΩBM , the space of loops on the classifying space of
the monoid M . There are various equivalent functorial constructions of M+ which come
equipped with a universal map u :M→M+. From now on, we assume that a fixed model
for M+ is used, in which M+ is an Abelian topological monoid if so is M . The reader
should consult [19,5,7,8] for details on the group completions of the monoids considered
here.
Given a projective variety Y , the set of connected components pi0(Cq(Y )) of the
topological monoid Cq(Y ) has a natural structure of a discrete Abelian monoid, so that
the projection Cq(Y )→ pi0 (Cq(Y )) becomes a monoid morphism. The Grothendieck
group (naïve group completion) of pi0(Cq(Y )) is the group Aq(Y ), of algebraic cycles of
codimension q in Y modulo algebraic equivalence; cf. [9]. If Y is smooth, then the graded
group
A∗(Y ) :=
⊕
q>0
Aq(Y ) (6)
becomes a graded ring under the intersection pairing of cycles; see [10] for details. This
ring is extremely important in algebraic geometry, for it comprises fundamental geometric
invariants of the variety X.
3. Families of spectra
In this section we present the three distinct spectra that we associate to an algebraic
variety X: the morphic spectrum ZX , the multiplicative morphic spectrum MX and the
holomorphicK-theory spectrum KX . Their construction is based on standard infinite loop
space machinery such as the one found in [21]. Assume, for simplicity, that the projective
variety X is connected. The general case can be handled with minor modifications, using
the identification given in (5).
3.1. The morphic spectra
In order to construct ZX , we first need to suitably stabilize the mapping spaces CX(V ).
This stabilization is done as follows. Given a linear isometric embedding i :V ↪→W , let
i :Cv(P(V ⊕ V ))→ C2w−v(P(W ⊕W))
be the inclusion homomorphism induced by
(i ⊕ i) :P(V ⊕ V ) ↪→ P(W ⊕W);
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see Remark 2.1. Since P({W − V } ⊕ {0}) is disjoint from P(V ⊕ V ) ⊂ P(W ⊕W) we
define the stabilization homomorphism induced by i as
iV ,W :CX(V )→ CX(W),
(7)
f 7→ P({W − V } ⊕ {0})]Ci ◦ f.
The join ]C here denotes the operation on mapping spaces induced by the pointwise
join (3).
Consider the indexing setΛ= {V ⊂C∞ | V is finite-dimensional} ordered by inclusion.
Then it is easy to see that the collection{CX(V ), iV ,W | V,W ∈Λ}
forms a directed system of Abelian topological monoids.
Definition 3.1. Denote by
CX(C∞) := lim−→ V∈ΛCX(V )
the colimit of the directed system above. This is an Abelian topological monoid whose
group completion CX(C∞)+ is denoted by ZX(C∞), with universal map uX :CX(C∞)→
ZX(C∞).
We now have all the ingredients to prove our first result.
Theorem 3.2. Let X be a connected projective algebraic variety.
(a) The join operation induces an action of the Hermitian linear isometries operad L on
the stabilized morphism space CX(C∞). This action is compatible with the monoid
structure given by addition of cycles, and gives CX(C∞) a natural structure of an
E∞-ring space.
(b) The group completion ZX(C∞) is the zeroth space ZX(0) of an E∞-ring spectrum
ZX .
(c) The assignment X→ ZX is a contravariant functor from the category of complex
projective varieties and algebraic morphisms to the category of E∞-ring spectra.
Proof. Let Top and I∗ denote, respectively, the categories of topological spaces and
maps, and the category of finite-dimensional Hermitian vector spaces and linear isometric
embeddings. The first step in the proof is to define a continuous covariant functor
T :I∗ → Top (8)
by sending a non-zero V ∈ Obj(I∗) to T (V ) := CX(V ) ∈ Obj(Top), and sending {0} to
T ({0}) := Z>0, the monoid of non-negative integers under addition. In this case, the two
base points of T ({0}) are 0{0} = 0 and 1{0} = 1. Given a linear isometry i :V →W define
T (i) to be the inclusion iV ,W , defined in (7).
This functor comes equipped with a natural transformation
ω :T × T 7→ T ◦ ⊕, (9)
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described as follows. Let
τ :Mor(X,Cv+w(P(V ⊕ V ⊕W ⊕W)))
∼=→Mor(X,Cv+w(P(V ⊕W ⊕ V ⊕W))) (10)
be the topological monoid isomorphism induced by the shuffle isomorphism V ⊕ V ⊕
W ⊕W ∼= V ⊕W ⊕V ⊕W, which interchanges the two middle factors in the direct sum.
Notice that
Mor(X,Cv+w(P(V ⊕W ⊕ V ⊕W)))= T (V ⊕W).
Now, given (f, g) ∈ T (V )× T (W), the pointwise join (3) of cycles produces an element
f ]Cg in Mor(X,Cv+w(P(V ⊕ V ⊕W ⊕W))), which allows one to define ω(f,f ′) :=
τ (f ]Cf ′).
The proof that this is a natural transformation of continuous functors is exactly analo-
gous to the pointwise computations done in [2, Theorem 5.1] or [17, Proposition 3.1.2].
Using the same computations one can show that this natural transformation satisfies the
following.
Properties 3.3.
(1) If x ∈ T (V ) and 1 := 1{0} ∈ T ({0}), then ω(x,1)= x ∈ T (V ⊕ {0})= T (V ).
(2) If V = V ′ ⊕ V ′′, then the map T (V ′)→ T (V ) given by ω(x,1) is a homeomor-
phism onto a closed subset.
It follows from [21, §I.1] that, if a functor T satisfies the above properties, then the
colimit T (C∞) = lim−→ V∈ΛT (V ) admits a natural (multiplicative) action of the Hermitian
linear isometries operad L. In our particular situation, the functor T = CX(−) has also the
following features.
Properties 3.4.
(1) T is a continuous functor from I∗ to the category Atom of Abelian topological
monoids.
(2) The natural transformation ω is bilinear, strictly associative and unital.
It is shown in [21, §V] that, under these additional hypothesis, T (C∞) admits a natural
action of the operad pair (η,L), where η is the trivial operad acting via the monoid
addition. This proves assertion (a) of the theorem. It follows from [21, §VII] that the group
completion ZX(C∞) of CX(C∞) is an infinite loop space, via the usual deloopings of its
additive structure, on which the operad L acts compatibly. The “recognition principle”
in [21, §VII] (see also [22]) then implies that ZX(C∞) is (homotopy equivalent to) the
zeroth space ZX(0) of an E∞-ring spectrum ZX , thereby proving assertion (b).
The assignment X 7→ CX(V ) is naturally contravariant with respect to holomorphic
maps f :Y →X of projective varieties. Therefore, since all the constructions involved in
the definition of ZX are functorial, and all the structural maps are induced by holomorphic
maps, one proves assertion (c) with a careful bookkeeping of functors. 2
P. Lima-Filho / Topology and its Applications 98 (1999) 217–233 225
Definition 3.5. For a projective varietyX, the spectrum ZX is called the morphic spectrum
of X.
Remark 3.6. A continuous functor T :I∗ → Top as in the proof above which satisfies
Properties 3.3 is called an I∗-functor in [21]. If, in addition, T also satisfies Properties 3.4,
then it is called an I∗-monoid; see [22] for further examples and properties.
In order to determine the coefficients for the associated cohomology theory Z∗X to the
spectrum ZX , we need to recall a few algebraic geometric invariants for the variety X,
introduced by Friedlander and Lawson in [7], and which generalize various well-known
invariants.
Given a linear subspace Pn−1 ⊂ Pn, letMor(X,Cs(Pn))+ denote the group completion
ofMor(X,Cs(Pn)) and let
Mor(X,Cs(Pn))+//Mor(X,Cs−1(Pn−1))+
denote the homotopy quotient of Mor(X,Cs(Pn))+ by its submonoid Mor(X,
Cs−1(Pn−1))+.
Definition 3.7 [7]. The morphic cohomology ofX is the bigraded groupL∗H ∗(X) defined
by
LsHj(X)= pi2s−j
(Mor(X,Cs(Pn))+//Mor(X,Cs−1(Pn−1))+),
for 2s > j > 0. It is shown in [7] that this definition is independent of n, as long as n> s.
Theorem 3.8. Let X be a connected projective variety.
(a) The coefficients for the cohomology theory Z∗X associated to the morphic spectrum
ZX are given by
Z−kX (S
0)∼= pik
(ZX(C∞))∼=⊕
s>0
LsH 2s−k(X)
for k > 0, and ZkX(S0)∼= 0 for k > 0.
(b) If X is a smooth variety, one has an isomorphism
Z0X(S
0)∼=A∗(X)=
⊕
r>0
Ar (X),
where Ar (X) is the group of algebraic cycles of codimension q on X modulo
algebraic equivalence. Furthermore, this is a ring isomorphism when Z0X(S0) is
given the natural ring structure inherited from the ring spectrum, and A∗(X) has
the graded ring structure given by the intersection pairing; cf. (6).
Proof. Given n, it is proven in [7] than one has natural homotopy equivalences
Mor(X,Cq(Pn))+ 'Mor(X,Cq(Pq))+ (11)
'
q∏
s=0
Mor(X,Cs(Ps))+//Mor(X,Cs−1(Ps−1))+, (12)
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where · · · ⊂ Ps−1 ⊂ Ps ⊂ · · · ⊂ Pn is a flag of linear subspaces. Choosing a nested cofinal
flag of subspaces in Λ, and taking colimits one sees that
ZX(C∞)'
∞∏
s=0
Mor(X,Cs(Ps))+//Mor(X,Cs−1(Ps−1))+, (13)
where the latter is a weak product of topological spaces. Therefore, we obtain
pik
(CX(C∞))∼=⊕
s>0
L2H 2s−k(X),
according to Definition 3.7. This proves assertion (a).
When X is smooth, it follows from [6] that LsH 2s(X) ∼= As(X), and that the
multiplicative structure on
⊕
s L
sH 2s(X) = pi0(ZX(C∞)) induced by the join coincides
with the intersection product on A∗(X); cf. (6). A simple colimit argument completes the
proof of assertion (b). 2
The previous result shows how the cohomology theory Z∗X reflects the algebraic
geometric and topological invariants of the algebraic variety X.
Remark 3.9. In case X is a normal algebraic variety of dimension n, then it follows
from [7, Proposition 9.8] that LsHj (X) = {0}, for q > 2n. In particular, the groups
Z−kX (S0), computed above, are finitely graded. This fact will be important for our next
construction.
3.2. The multiplicative morphic spectra
We continue assuming, without loss of generality, that X is a connected projective
algebraic variety. Our starting point is the observation that the I∗-monoid CX :I∗ →Atom
(cf. Remark 3.6) comes with the additional structure of an augmented I∗-monoid, a term
coined in [17]. More precisely, given V one can use Remark 2.5 to define an augmentation
map
φV :CX(V )→ Z>0. (14)
Given f,f ′ ∈ CX(V ) and g ∈ CX(W) one verifies that this assignment satisfies the
following properties:
φ
V
(f + f ′)= φ
V
(f )+ φ
V
(f ′) and φ
V⊕W
(
ω(f,g)
)= φ
V
(f ) · φ
W
(g). (15)
We now invoke a particular model of the group completion functor, studied in detail
in [19,5,6]. If M belongs to a suitable class of Abelian topological monoids, then one
can take M+ to be its Grothendieck group (naïve group completion) with an appropriate
topology. It follows, using the functoriality of this model that the assignment V 7→
ZX(V ) := CX(V )+ is also an I∗-monoid and that lim−→ V⊂C∞ZX(V ) is the group completion
ZX(C∞) of CX(C∞). This can also be used as an alternative approach to define the
spectrum ZX.
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By universality of group completions, the maps φV induce homomorphisms
ΦV :ZX(V )= CX(V )+→ Z
which also satisfy
ΦV (f + f ′)=ΦV (f )+ΦV (f ′) and ΦV⊕W
(
ω(f,g)
)=ΦV (f )ΦW (g). (16)
Since the inclusions iV ,W :ZX(V )→ZX(W) are group homomorphisms which commute
with the augmentationsΦV , one obtains a homomorphismΦ :ZX(C∞)→ Zwhen passing
to the colimit. Define
ZX(V )1 :=Φ−1V (1)⊂ZX(V ) (17)
and note that lim−→ V⊂C∞ZX(V )1 =Φ
−1(1)⊂ZX(C∞).
Theorem 3.10. Let X be a connected projective variety.
(a) The action of the Hermitian linear isometries operad L on ZX(C∞) restricts to an
action on ZX(C∞)1.
(b) The group completionZX(C∞)+ω1 ofZX(C∞)1 with respect to the join operation, is
the zeroth space MX(0) of a spectrum MX. IfX is a normal variety, then ZX(C∞)1
is already group-complete, and hence it coincides with MX(0).
(c) The assignment X 7→MX is a contravariant functor from the category of complex
projective varieties and algebraic morphisms to the category of spectra.
(d) If X is a normal variety, then for k > 0 one has M−kX (S0)∼= Z−kX (S0) and M0X(S0)
consists of the elements of augmentation 1 in ∏s>0LsH 2s(X). In particular, when
X is smooth of dimension n, then
M0X(S
0)∼= 1×A1(X)× · · · ×An(X)
as a group under the intersection pairing.
Proof. Part (a) follows from the fact that the augmentationsΦV satisfy (16).
The first assertion of part (b) follows from the recognition principle in [21], as before.
To prove the second assertion, one just needs to show that, if X is normal, then ZX(C∞)1
is a group-like H -space under the join operation ω(−,−). Indeed, the augmentation Φ
induces in the level of pi0 a ring augmentation Φ∗ :
∏
s L
sH 2s(X)→ Z, and hence
pi0
(ZX(C∞)1)∼=Φ−1∗ (1). (18)
Since
∏
s L
sH 2s(X) is a finitely graded ring, according to Remark 3.9, one sees
immediately that Φ−1∗ (1) is actually a group under multiplication. This implies that
ZX(C∞)1 is a group-likeH -space, and hence the assertion.
The functoriality of the assignment X 7→MX is shown as in Theorem 3.2, and the
computation of M−kX (S0) follows from (18) and the fact that ZX(C∞)1 consists of a
subcollection of connected components of ZX(C∞). 2
Remark 3.11. We will see in the last section that the spectrum MX is in a sense much
more interesting than ZX . Despite the fact that the connected component of MX(0) is the
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same as the one of ZX(0), their deloopings have a rather different nature. One can think of
MX as originated from deloopings of the units of ZX(0).
3.3. The holomorphicK-theory spectra
In a similar fashion to the topological K-theory of a space, the holomorphic K-theory
of a variety X is defined in terms of holomorphic maps from the variety X to BU , the
classifying space of complex K-theory.
The machinery employed here is essentially the same as in the previous constructions.
First, given V let GrX(V ) be the space of algebraic morphisms Mor(X,Grv(V ⊕ V ))
from X into the Grassmannian of planes of codimension v in V ⊕ V ; cf. Definition 2.4.
Recall from Example 2.2(b) that Grv(V ⊕V ) is the connected component of Cv(P(V ⊕V ))
consisting of cycles of degree 1. Therefore, GrX(V ) is in fact a closed subset of CX(V )
which coincides with φ−1V (1) when X is connected.
Remark 3.12. At this point, for a connected variety X, it is worth to stress the difference
between GrX(V ) and ZX(V )1. The latter was defined as Φ−1V (1), after group-completing
CX(V ). This makes an enormous difference, as we will see in the next section.
Since the structural maps iV ,W :CX(V )→ CX(W) and ω :CX(V )× CX(W)→ CX(V ⊕
W) preserve the augmentations φ−, they give the structure of an I∗-functor to the
assignment V → GrX(V ). Note that ω, when restricted to GrX(V ) × GrX(W) is in
fact induced by the pointwise Whitney (direct) sum ⊕ of subspaces, according to
Remark 2.3(b). The reader can now immediately recognize the similarity with a familiar
procedure of constructing BU via the stabilization of Grassmannians.
Definition 3.13. Define GrX(C∞) = lim−→ V⊂C∞ GrX(V ) and let KX denote the group
completion of GrX(C∞) with respect to the H -space structure given by the Whitney
sum ⊕.
The next result follows from the same machinery invoked in Theorems 3.2 and 3.10, and
its proof is left to the reader.
Theorem 3.14. Let X be a complex projective variety.
(a) The Whitney sum ⊕ induces an action of the Hermitian linear isometries operad L
on GrX(C∞).
(b) The group completionKX , of GrX(C∞) with respect to⊕, is the zeroth space KX(0)
of a spectrum KX .
(c) The assignment X→ KX is a contravariant functor from the category of projective
algebraic varieties to the category of spectra.
Definition 3.15. We call KX the holomorphicK-theory spectrum of the variety X.
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Remark 3.16.
(a) The spectrum KX was first introduced in [17], where it was called the Grassmann
spectrum of X.
(b) The holomorphic K-theory of X has been a subject of current investigation, under
various different perspectives. It follows from the various interesting results of [4]
that one has a natural homotopy equivalenceKP1 ∼=KP0, which can be thought of as
a first step towards a generalized Bott periodicity statement. In work under progress,
the author and R. Cohen have provided a relation between the holomorphic and
algebraic K-theory of X, introduced a Chern character map, and are investigating
further compatibilities with various algebraic geometric invariants.
4. Chern classes and cycle maps
In this concluding section we introduce the natural Chern class map from the
holomorphic K-theory spectrum KX to the multiplicative morphic spectrum MX . Then
we present some connections with previous work done in [2,17], and introduce cycle maps
which relate our “holomorphic” spectra with more classical topological invariants for X.
This allows the computations of several examples.
Let X be a connected projective variety. The following result was already embedded in
our constructions, and it clarifies the assertion in Remark 3.12.
Proposition 4.1. There is a natural transformation of functors
c− :K−→M−
induced by the inclusion of the Grassmannians into the space of all cycles. Therefore, given
a morphism of projective varieties f :Y →X, one has a commutative diagram
KX
cX
f ∗
MX
f ∗
KY
cY MY
,
where cX and cY are naturally defined maps of spectra.
Proof. Let X be a projective variety. The composition
Mor(X,Grv(V ⊕ V )) ↪→ Mor(X,Cv(P(V ⊕ V )))
uX−→Mor(X,Cv(P(V ⊕ V )))+ (19)
gives a natural map GrX(V )→ZX(V )1, which is clearly functorial on X. Recall that the
join operation is precisely the direct sum of subspaces when restricted to linear cycles; cf.
Remark 2.3(b). This shows that the composition above produces a morphism of I∗-functors
cX : GrX(−)→ ZX(−)1. Since the passage from I∗-functors to spectra is functorial, we
conclude the proof. 2
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Definition 4.2. Given a projective variety X, the natural map cX :KX→MX is called the
total Chern class map from the holomorphicK-theory spectrum of X to its multiplicative
morphic spectrum.
In order to justify this terminology, consider the case where X consists of a point, which
was originally studied in [2]. For simplicity of notation, let us write ZX = Z, MX =M
and Kx = K, when X is a point. In this case the spectrum K is precisely the connective
K-theory spectrum bu, as one can see directly from its construction.
It follows from [14] that one has canonical homotopy equivalences
Z(0)∼=
∏
j>0
K(Z,2j) and M(0)∼= 1×
∏
j>1
K(Z,2j), (20)
whereK(Z,2j) denotes an Eilenberg–MacLane space. The H -space structure on M(0) is
the one induced by the cup product operation in classical cohomology.
It was shown in [16] that the map
c :K(0)= BU→M(0)= 1×
∏
j>1
K(Z,2j),
represents the total Chern class map from complex (topological) K-theory to singular
cohomology. Therefore, the above results show that this map extends to a morphism of
spectra. This was the key to the solution given in [2] for a conjecture posed by Segal
in [24].
Remark 4.3. It would be very interesting to have a better understanding of the (quite
nontrivial) deloopings of 1×∏j>1K(Z,2j) provided by M.
We now return to the general case of an arbitraryX, and provide a few relations between
our spectra and classical topological invariants of X. Recall that, given spectrum E and a
topological space Z then one can define the function spectrum F(Z,E) by
F(Z,E)(n)=Map(Z,E(n)),
where Map(Z,E(n)) denote the space of continuous maps from Z to E(n); cf. [18]. In
particular, we have spectra F(X,bu), F(X,Z) and F(X,M), where the variety X is taken
with its classical topology.
Following the previous notation for spectra, let us denote by Z(−), Z(−)1 and Gr(−)
the appropriate I∗-functors when X is a point. It is easy to see that the forgetful functor
Mor(X,Cq(P(V ⊕ V )))→Map(X,Cq(P(V ⊕ V )))
induces natural transformations of I∗-functors:
rX :CX(−)→Map
(
X,C(−)),
sX :ZX(−)1→Map
(
X,Z(−)1
)
,
tX : GrX(−)→Map
(
X,Gr(−)).
The proof of the following result is now evident.
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Proposition 4.4. Let X be a projective variety. The above transformations induce maps of
spectra ρX :ZX→ F(X,Z), σX :MX→ F(X,M) and τX :KX→ F(X,bu), and they are
all functorial on the variety X.
Definition 4.5. Given a projective varietyX, we call the morphisms of spectra ρX , σX and
τX the cycle maps of the corresponding theory.
This terminology stems from the following classical maps in algebraic geometry. First
observe that
pik
(
F(X,M)
)=⊕
s
H 2s−k(X;Z). (21)
The map ρX induces a homomorphism of homotopy groups
ρX∗ :pik(MX)=
⊕
s
LsH 2s−k(X)→ pik
(
F(X,M)
)=⊕
s
H 2s−k(X;Z) (22)
which is precisely the cycle map from the morphic cohomology of X to its singular
cohomology, defined in [7].
Consider a smooth variety X of dimension n. Then one has pi0(KX)∼= K0alg+(X) is the
group completion of the monoid of equivalence classes of algebraic bundles on X which
are generated by global sections; cf. [7]. Gathering the maps from Propositions 4.4 and 4.1
together we have, in the level of pi0 a commutative diagram
K0alg+(X)
c
alg
X
τX
1×∏nj=1Aj (X)
σX
K0(X)
c
top
X
1×∏nj=1H 2j (X;Z)
,
where K0(X) denotes topological K-theory, and the top and bottom arrows are the
algebraic and the topological Chern classes, respectively. The right vertical arrow is
precisely the classical cycle map, from the Chow group of algebraic cycles modulo
algebraic equivalence to singular cohomology. Our construction extend this beautiful
picture to the level of spectra.
Example 4.6. Let X be a smooth projective algebraic variety with an algebraic cellular
decomposition; cf. [10]. For example, projective spaces, the Grassmann varieties, gener-
alized flag varieties, compact Hermitian symmetric spaces and their products. It follows
from [6,20] that for each V , the natural map
ZX(V )→Map
(
X,Z(V ))
is a homotopy equivalence. Therefore the cycle map ρX :ZX→ F(X,Z) is a homotopy
equivalence of spectra.
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Remark 4.7.
(1) Given a finite group G, all the constructions above have an immediate equivariant
analogue. More precisely, given a projective variety X on which G acts via
automorphisms, one can associate R(G)-graded cohomology theories Z∗X,G, M∗X,G
and K∗X,G constructed from G-spectra in the sense of [18]. All the constructions
would have the same functorial behavior as the non-equivariant case, and all natural
transformations would still hold.
(2) The case X = {pt} and nontrivial G was studied at length in [17], where various
relations with classical theories were obtained. However, even in the simplest cases,
the resulting equivariant cohomology theories are quite hard to compute.
(3) The homology operations in the infinite loop space Z(0) were computed in [25],
and have quite an elegant presentation. It would be interesting to compute these
operations for ZX(0) for a nontrivial variety X and try to relate those operations to
the algebraic geometry of the variety X itself.
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